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HYPERFINE STRUCTURE OF S-STATES
IN MUONIC HELIUM ION
A. P. Martynenko∗
Samara State University, Pavlov str., 1, 443011, Samara, Russia
Corrections of orders α5 and α6 are calculated in the hyperfine splittings of 1S
and 2S - energy levels in the ion of muonic helium. The electron vacuum polariza-
tion effects, the nuclear structure corrections and recoil corrections are taken into
account. The obtained numerical values of the hyperfine splittings -1334.56 meV
(1S state), -166.62 meV (2S state) can be considered as a reliable estimate for
the comparison with the future experimental data. The hyperfine splitting interval
∆12 = (8∆E
hfs(2S)−∆Ehfs(1S)) = 1.64 meV can be used for the check of quantum
electrodynamics.
PACS numbers: 31.30.Jv, 12.20.Ds, 32.10.Fn
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I. INTRODUCTION
The ion of muonic helium (µ32He)
+ is the bound state of the negative muon and helion
(32He). The lifetime of this simple atom is determined by the muon decay in a time τµ =
2.19703(4)×10−6 s. An increase of the lepton mass in muonic hydrogenic atoms as compared
with electronic hydrogenic atoms (mµ/me = 206.7682838(54) [1]) leads to the growth of three
effects in the energy spectrum: the electron vacuum polarization, the nuclear structure and
polarizability, the nuclear recoil effect. The first effect is important for the spectrum of
muonic helium ion (µ32He)
+ because the ratio of the Compton wavelength of the electron
to the Bohr radius of the atom µZα/me ≈ 1.45415 is sufficiently close to the unity. The
second effect of the nuclear structure is of the utmost importance because the muonic wave
function has a significant overlap with the nucleus. Finally, the increase of the recoil effects
is determined by the ratio of the muon and helion masses mµ/m(
3
2He) ≈ 0.0376 [1]. Despite
the fact that this ratio is small, it is many times larger than the fine structure constant α
(α−1 = 137.03599911(46) [1]). Moreover, some recoil effects contain the peculiar logarithm
of the muon to helion mass ratio ln(m(32He)/mµ) ≈ 3.28 what leads to the numerical growth
of the contribution.
High sensitivity of the bound muon characteristics to the distributions of the nuclear
charge and magnetic moment in light muonic atoms (muonic hydrogen, ions of muonic he-
lium) can be used for more precise determination of the charge radii of the proton, deuteron,
helion and α - particle [2, 3, 4]. Moreover, the measurement of the hyperfine structure of
light muonic atoms allows to obtain more precise values of the Zemach radii and to improve
the accuracy of the theoretical calculations of the hyperfine splittings in the corresponding
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2electronic atoms.
Theoretical investigations of the energy levels in light muonic atoms (the nuclear charge
Z = 1, 2) were carried out many years ago in Refs. [5, 6, 7, 8, 9] on the basis of the Dirac
equation. In the calculations of the energy intervals (2P3/2 − 2S1/2), (2P1/2 − 2S1/2) in the
ions of muonic helium (42He,
3
2He) the different type corrections were considered with the
precision 0.01 meV . The energy transitions (2S − 2P ) in the ion of muonic helium (µ32He)
were calculated in [10, 11] with regard to the hyperfine structure on the basis of the Dirac
equation with the accuracy 0.1 meV .
Although muonic atoms (µ11H), (µ
2
1H), (µ
3
2He)
+, (µ42He)
+ could be used for yet another
check of quantum electrodynamics, the experimental study of the energy levels of these
atoms lags behind the theory. It is appropriate at this point to recall the experiment for the
Lamb shift (2P − 2S) measurement in muonic hydrogen which is carried out many years
at PSI (Paul Sherrer Institute) [12, 13] but didn’t give while the positive result with the
necessary accuracy 30 ppm. The only experiment with the successful end was performed on
the muon beam at CERN [14, 15] with muonic helium (µ42He)
+. Two resonance transitions
with the wavelengths 811.68(15) nm and 897.6(3) nm corresponding to the fine structure
intervals (2P3/2 − 2S1/2) and (2P1/2 − 2S1/2) were observed. In a later experiment [16] the
resonance transition in the range 811.4 ≤ λ ≤ 812.0 nm was not observed. So, at present
new measurement of the Lamb shift and the hyperfine structure in the atoms (µ32He)
+,
(µ42He)
+ is required.
There is a need to remark that in the last years the accuracy of the theoretical inves-
tigations of the energy spectra of simple atoms was increased essentially [3]. New QED
corrections of order α6 and α7 in the energy spectra of muonium, positronium, hydrogen
atom and ions of electronic helium were calculated [4]. For a number of hydrogenic atoms
(hydrogen atom, ions of helium) the comparison of results of the theoretical investigations
in QED with the experiment is difficult because the theoretical error in the calculation of
the nuclear structure and polarizability contributions both for the Lamb shift and hyperfine
structure remains very large and exceeds considerably the experimental errors. The progress
in this field can be achieved due to new experimental investigations of the structure and
polarizability of the proton and other nucleus and the use of light muonic atoms.
It is important to keep in mind that all contributions to the energy spectra of light muonic
atoms can be divided into two groups. The corrections of the first group were obtained in
the analytical form in the study of the energy levels of muonium, positronium and hydrogen
atom. The second group includes numerous corrections of the electron vacuum polarization,
the nuclear structure, recoil effects which are specific for each muonic atom. The aim of
this work consists in the analytical and numerical calculation of corrections of orders α5
and α6 in the hyperfine structure of S-states in the muonic helium ion (µ32He)
+ on the
basis of the quasipotential method in quantum electrodynamics [17, 18]. We consider such
effects of the electron vacuum polarization, recoil and nuclear structure corrections which
have the crucial importance to attain the high accuracy of the calculation. Numerical values
of corrections are obtained with the precision 0.001 meV . So, the purpose of our investi-
gation consists in the improvement of the earlier performed calculations [6, 7, 8, 9] of the
hyperfine splitting in the ion of muonic helium and derivation of the reliable estimates in the
hyperfine structure of 1S and 2S-states which could be used in conducting a corresponding
experiments. Modern numerical values of fundamental physical constants are taken from
the paper [1]: the electron mass me = 0.510998918(44) · 10−3 GeV , the muon mass mµ =
0.1056583692(94)GeV , the fine structure constant α−1 = 137.03599911(46), the helium mass
3m(32He) = 2.80839142(24) GeV, the helium magnetic moment µh = −2.127497723(25) in
the nuclear magnetons, the muon anomalous magnetic moment aµ = 1.16591981(62) · 10−3.
II. EFFECTS OF ONE-LOOP AND TWO-LOOP VACUUM POLARIZATION IN
THE ONE-PHOTON INTERACTION
Our approach to the investigation of the hyperfine structure (HFS) in the muonic helium
ion is based on the quasipotential method in quantum electrodynamics [19, 20, 21], where the
two-particle bound state is described by the Schroedinger equation. The basic contribution
to the interaction operator of the muon and helion for S-states is determined by the Breit
Hamiltonian [22]:
HB = H0 +∆V
fs
B +∆V
hfs
B , H0 =
p2
2µ
− Zα
r
, (1)
∆V fsB = −
p4
8m31
− p
4
8m32
+
piZα
2
(
1
m21
+
1
m22
)
δ(r)− Zα
2m1m2r
(
p2 +
r(rpp
r2
)
, (2)
∆V hfsB =
8piαµh
3m1mp
σ1σ2
4
δ(r), (3)
where m1, m2 are the muon and helion masses, mp is the proton mass, µh is the helion
magnetic moment. The potential of spin-spin interaction (3) gives the main contribution
to the energy of hyperfine splitting of S-states (the Fermi energy). Averaging (3) over the
Coulomb wave functions of 1S and 2S states
ψ100(r) =
W 3/2√
pi
e−Wr, W = µZα, (4)
ψ200(r) =
W 3/2
2
√
2pi
e−Wr/2
(
1− Wr
2
)
, (5)
we obtain the following result (the difference of the triplet and singlet states):
∆EhfsF (nS) =
8µ3Z3α4µh
3m1mpn3
=
{
1S : − 1370.725 meV
2S : − 171.341 meV , (6)
The muon anomalous magnetic moment does not enter in Eq.(6). The correction of
the muon anomalous magnetic moment (AMM) to the hyperfine splitting is conveniently
represented by the use the experimental value aµ = 1.16591981(62) · 10−3 [1]:
∆Ehfsaµ (nS) = aµ∆E
hfs
F (nS) =
{
1S : − 1.598 meV
2S : − 0.200 meV . (7)
The contribution of the relativistic effects of order α6 to the hyperfine structure is also
known in the analytical form [3]:
∆Ehfsrel (nS) =
[
1 +
11n2 + 9n− 11
6n2
(Zα)2 + ...
]
∆EhfsF (nS) =
{
1S : − 0.438 meV
2S : − 0.078 meV (8)
4One-loop electron vacuum polarization correction in the interaction operator is deter-
mined by the following expression in the coordinate representation [22]:
∆V hfs1γ,V P (r) =
8αµh
3m1m2
σ1σ2
4
α
3pi
∫ ∞
1
ρ(s)ds
[
piδ(r)− m
2
eξ
2
r
)
e−2meξr, (9)
where ρ(ξ) =
√
ξ2 − 1(2ξ2+1)/ξ4. To obtain (9) it is necessary to use the following replace-
ment in the photon propagator:
1
k2
→ α
3pi
∫ ∞
1
ρ(ξ)dξ
1
k2 + 4m2eξ
2
. (10)
Averaging (9) over the wave functions (4) and (5), we find the correction of order α5 to the
hyperfine splitting:
∆Ehfs1γ,V P (1S) =
8µ3Z3α5µh
9m1mppi
∫ ∞
1
ρ(ξ)dξ
[
1− 4m
2
eξ
2
W 2
∫ ∞
0
xdxe−x(1+
meξ
W )
]
= −4.203 meV,
(11)
∆Ehfs1γ,V P (2S) =
µ3Z3α5µh
9m1mppi
∫ ∞
1
ρ(ξ)dξ × (12)
[
1− 4m
2
eξ
2
W 2
∫ ∞
0
x(1 − x
2
)2dxe−x(1+
2meξ
W )
]
= −0.540 meV.
Changing the electron mass me to the muon mass m1 in Eqs. (11), (12), we obtain the
muon vacuum polarization contribution to the hyperfine splitting of order α6 because the
ratio W/m1 ≪ 1. The corresponding numerical values are included in Table 1. The contri-
bution of the same order α6 is given by the two-loop electron vacuum polarization diagrams
in Fig.1(b,c,d). To derive the interaction operator corresponding the amplitude with two
sequential loops in Fig.1(b) we use the double change (10). In the coordinate representation
the interaction operator has the form:
∆V hfs1γ,V P−V P (r) =
8piαµh
3m1mp
σ1σ2
4
(
α
3pi
)2 ∫ ∞
1
ρ(ξ)dξ
∫ ∞
1
ρ(η)dη × (13)
×
[
δ(r)− m
2
e
pir(η2 − ξ2)
(
η4e−2meηr − ξ4e−2meξr
)]
.
Corresponding correction to the hyperfine splitting of 1S and 2S levels can be presented
as a three-dimensional integral over variables r, ξ and η. After that the integral over r is
calculated analytically and over ξ, η numerically with the result:
∆Ehfs1γ,V P−V P (r)(1S) =
8α6µ3Z3µh
27m1mp
∫ ∞
1
ρ(ξ)dξ
∫ ∞
1
ρ(η)dη × (14)
×
[
1− 4m
2
e
W 2(η2 − ξ2)
∫ ∞
0
e−2xxdx
(
η4e−2meηx/W − ξ4e−2meξx/W
)]
= −0.017 meV,
∆Ehfs1γ,V P−V P (r)(2S) =
α6µ3Z3µh
27m1mp
∫ ∞
1
ρ(ξ)dξ
∫ ∞
1
ρ(η)dη × (15)
5×
[
1− 4m
2
e
W 2(η2 − ξ2)
∫ ∞
0
e−xxdx
(
η4e−2meηx/W − ξ4e−2meξx/W
)(
1− x
2
)2]
= −0.002 meV.
In a similar way we calculate the two-loop vacuum polarization contribution of order α6
shown in Fig.1(c,d). In this case the potential is determined by the relation:
∆V hfs1γ,2−loop V P (r) =
8α3µh
3pim1mp
∫ 1
0
f(v)dv
1− v2
[
δ(r)− m
2
e
pir(1− v2)e
− 2mer√
1−v2
]
, (16)
where the function
f(v) = v
{
(3−v2)(1+v2)
[
Li2
(
−1− v
1 + v
)
+ 2Li2
(
1− v
1 + v
)
+
3
2
ln
1 + v
1− v ln
1 + v
2
− ln 1 + v
1− v ln v
]
(17)
+
[
11
16
(3− v2)(1 + v2) + v
4
4
]
ln
1 + v
1− v+
[
3
2
v(3− v2) ln 1− v
2
4
− 2v(3− v2) ln v
]
+
3
8
v(5−3v2)
}
,
Li2(z) is the Euler dilogarithm. Numerical contributions of the operator (16) to the HFS
are included directly in Table 1. The role of the vacuum polarization effects in the HFS of
the muonic helium ion extends further. There exists a number of contributions where the
electron vacuum polarization enters the potential together with the nuclear structure, recoil
and relativistic effects in the second order perturbation theory.
a b c d
FIG. 1: Effects of one-loop and two-loop vacuum polarization in the one-photon interaction.
III. EFFECTS OF ONE-LOOP AND TWO-LOOP VACUUM POLARIZATION
IN THE SECOND ORDER PERTURBATION THEORY
The second order perturbation theory (PT) corrections in the energy spectrum of
hydrogen-like system are determined by the reduced Coulomb Green function G˜ [23], whose
partial expansion has the form:
G˜n(r, r
′) =
∑
l,m
g˜nl(r, r
′)Ylm(n)Y
∗
lm(n
′). (18)
6The radial function g˜nl(r, r
′) was presented in Ref.[23] in the form of the Sturm expansion
in the Laguerre polinomials. The basic contribution of the electron vacuum polarization to
HFS in the second order PT can be presented as follows (see Fig.2(a)):
∆EhfsSOPT V P 1 = 2 < ψ|∆V CV P · G˜ ·∆V hfsB |ψ >, (19)
where the modified Coulomb potential
∆V CV P (r) =
α
3pi
∫ ∞
1
ρ(ξ)dξ
(
−Zα
r
)
e−2meξr. (20)
The potential ∆V hfsB (r) is proportional to δ(r). So, we need the reduced Coulomb Green
function with one zero argument. It was derived by means of the Hostler representation as
a result of the subtraction of the pole term in Refs.[24, 25]:
G˜1S(r, 0) =
Zαµ2
4pi
e−x
x
g1S(x), g1S(x) =
[
4x(ln 2x+ C) + 4x2 − 10x− 2
]
, (21)
G˜2S(r, 0) = −Zαµ
2
4pi
e−x/2
2x
g2S(x), (22)
g2S(x) =
[
4x(x− 2)(ln x+ C) + x3 − 13x2 + 6x+ 4
]
,
where C = 0.5772... is the Euler constant, x = Wr. Using Eqs.(21), (22) we can present
necessary corrections in the HFS of the ion (µ32He)
+ in the form:
∆EhfsV P 1(1S) = −∆EhfsF (1S)
2α
3pi
(1 + aµ)
∫ ∞
1
ρ(ξ)dξ
∫ ∞
0
e−2x(1+
meξ
W )g1S(x)dx = −9.260 meV,
(23)
∆EhfsV P 1(2S) = ∆E
hfs
F (2S)
α
3pi
(1 + aµ)
∫ ∞
1
ρ(ξ)dξ
∫ ∞
0
e−x(1+
2meξ
W )g2S(x)dx = −0.869 meV.
(24)
The factor (1 + aµ) is introduced in Eqs.(23), (24) so that these expressions contain correc-
tions of orders α5 and α6.
Two-loop contributions in Fig.2(b,c,d,e) are of order α6. Let us consider first contribu-
tion which is determined by the potentials (9), (20), the reduced Coulomb Green functions
(21), (22) and the reduced Coulomb Green functions with both nonzero arguments. It is
convenient to use the compact representation for it which was obtained in Refs.[24, 26]:
G˜1S(r, r
′) = −Zαµ
2
pi
e−(x1+x2)g1S(x1, x2), (25)
g1S(x1, x2) =
1
2x<
− ln 2x> − ln 2x< + Ei(2x<) + 7
2
− 2C − (x1 + x2) + 1− e
2x<
2x<
,
G˜2S(r, r
′) = − Zαµ
2
16pix1x2
e−(x1+x2)g2S(x1, x2), (26)
g2S(x1, x2) = 8x< − 4x2< + 8x> + 12x<x> − 26x2<x> + 2x3<x> − 4x2> − 26x<x2> + 23x2<x2>−
−x3<x2> + 2x<x3> − x2<x3> + 4ex(1− x<)(x> − 2)x> + 4(x< − 2)x<(x> − 2)x>×
×[−2C + Ei(x<)− ln(x<)− ln(x>)].
7G˜
a
G˜
b
G˜G˜ G˜
c d e
FIG. 2: Effects of one-loop and two-loop vacuum polarization in the second order perturbation
theory (SOPT). The dashed line represents the Coulomb photon. G˜ is the reduced Coulomb Green
function.
Substituting Eqs.(9), (20), (25) and (26) in Eq.(19), we obtain two contributions for each
energy level 1S and 2S:
∆EhfsSOPT V P 21(1S) = −
16α6Z3µ3µh(1 + aµ)
27pi2m1mp
∫ ∞
1
ρ(ξ)dξ × (27)
×
∫ ∞
1
ρ(η)dη
∫ ∞
0
dxe−2x(1+
meξ
W )g1S(x),
∆EhfsSOPT V P 22(1S) = −
256α6Z3µ3µh(1 + aµ)m
2
e
27pi2m1mpW 2
∫ ∞
1
ρ(ξ)dξ × (28)
×
∫ ∞
1
ρ(η)η2dη
∫ ∞
0
x1dx1e
−2x1(1+meξW )
∫ ∞
0
x2dx2e
−2x2(1+meξW )g1S(x1, x2),
∆EhfsSOPT V P 21(2S) =
α6Z3µ3µh(1 + aµ)
27pi2m1mp
∫ ∞
1
ρ(ξ)dξ × (29)
×
∫ ∞
1
ρ(η)dη
∫ ∞
0
(
1− x
2
)
dxe−x(1+
2meξ
W )g2S(x),
∆EhfsSOPT V P 22(2S) = −
2α6Z3µ3µh(1 + aµ)m
2
e
27pi2m1mpW 2
∫ ∞
1
ρ(ξ)dξ × (30)
×
∫ ∞
1
ρ(η)η2dη
∫ ∞
0
(
1− x1
2
)
dx1e
−x1(1+ 2meξW )
∫ ∞
0
(
1− x2
2
)
dx2e
−x2(1+ 2meξW )g2S(x1, x2).
While contributions (27), (28) and (29), (30) are individually divergent, but their sum is
finite. Corresponding numerical values are represented in Table 1. Corrections from two
8other diagrams in the hyperfine structure can be calculated by the relations (23) and (24), in
which the replacement of the potential (20) by the following potentials should be performed
[21]:
∆V CV P−V P (r) =
(
α
3pi
)2 ∫ ∞
1
ρ(ξ)dξ
∫ ∞
1
ρ(η)dη
(
−Zα
r
)
1
ξ2 − η2
(
ξ2e−2meξr − η2e−2meηr
)
,
(31)
∆V C2−loop V P (r) = −
2Zα3
3pi2r
∫ 1
0
f(v)dv
(1− v2)e
− 2mer√
1−v2 . (32)
Omitting further intermediate expressions, which have the general structure quite similar to
(23), (24), we include in Table 1 numerical values of corrections from potentials (31), (32).
IV. NUCLEAR STRUCTURE AND RECOIL EFFECTS
The main contribution of the nuclear structure to HFS of the S-energy levels including the
Zemach correction, is determined by two-photon exchange diagrams (see Fig.3). We consider
that the nuclear charge and magnetic moment are distributed in the space with definite
densities. The vertex operator of the nucleus 32He contains the electric GE and magnetic
GM form factors which determine the interaction of the nucleus with the electromagnetic
field. To calculate the nuclear structure correction of order α5 we use the equation from
Ref.[20] (the abbreviation ”str” is used to designate the nuclear structure correction):
∆Ehfsstr = −
(Zα)5
3pim1m2n3
δl0
∫ ∞
0
dk
k
V (k), (33)
V (k) =
2F 22 k
2
m1m2
+
µ
(m1 −m2)k(k +
√
4m21 + k
2)
[
−128F 21m21 − 128F1F2m21 + 16F 21 k2+
+64F1F2k
2 + 16F 22 k
2 +
32F 22m
2
1k
2
m22
+
4F 22 k
4
m21
− 4F
2
2 k
4
m22
]
+
µ
(m1 −m2)k(k +
√
4m22 + k
2)
×
×
[
128F 21m
2
2 + 128F1F2m
2
2 − 16F 21 k2 − 64F1F2k2 − 48F 22 k2
]
.
To remove infrared divergence in Eq.(33) we must take into account the contribution of the
iterative term of the quasipotential to the HFS of the atom (µ32He)
+:
∆Ehfsiter,str = − < V1γ ×Gf × V1γ >hfsstr = −
64
3
µ4Z4α5µh
m1mppin3
∫ ∞
0
dk
k2
, (34)
where the angle brackets denote the averaging of the interaction operator over the Coulomb
wave functions and the index ”hfs” is indicative of the hyperfine part in the iterative term
of the quasipotential. V1γ is the quasipotential of the one-photon interaction, G
f is the free
two-particle propagator. The integration in Eqs.(33) and (34) can be done by means of the
dipole parameterization for the Pauli form factor F1 and the Dirac form factor F2 [27, 28].
The parameter for this parameterization Λ2 can be related with the nuclear charge radius
rN : Λ
2 = 12/r2N . Numerical value of rN = 1.844 ± 0.045 fm is taken from Ref.[8]. Since
9the dependence on the principal quantum number n in Eq.(33) is determined by the factor
1/n3, the numerical values of the nuclear structure corrections for the states 1S and 2S
∆Ehfsstr =
{
1S : 48.376 meV
2S : 6.047 meV
(35)
are cancelled in the special hyperfine splitting interval ∆12 = (8∆E
hfs
str (2S) − ∆Ehfsstr (1S)).
So, the calculation of the interval ∆12 is free of the uncertainty connected with the nuclear
structure at least in the leading order. The value of the correction (33) is dependent on the
form of distributions GE,M . The replacement of the dipole parameterization by the Gaussian
model leads to the change of the numerical value (35) by 2 per cent.
a b
FIG. 3: Effects of the nuclear structure of order α5.
The sixth order over α contribution to the HFS shown in Fig.4 contains both the nuclear
structure and the vacuum polarization effects. Using the substitution (10) and Eq.(33) it
can be written as follows:
∆Ehfsstr,V P = −
2α(Zα)5µ3
m1m2pi2n3
∫ ∞
0
VV P (k)dk
∫ 1
0
v2
(
1− v2
3
)
dv
k2(1− v2) + 4m2e
, (36)
where the potential VV P (k) differs on the expression V (k) in Eq.(33) by the additional factor
k2. The amplitude contribution (36) to the energy spectrum should be augmented by two
iterative terms which are presented in Fig.4(c,d):
∆Ehfsiter,str V P = −2 < V C ×Gf ×∆V hfsV P >hfs= −2 < V CV P ×Gf ×∆V hfsB >hfs= (37)
= −∆EhfsF
4µα(Zα)
mepi2
∫ ∞
0
dk
∫ 1
0
v2
(
1− v2
3
)
dv
k2(1− v2) + 1 .
Numerically the sum of corrections (36) and (37) is equal
∆Ehfsstr,V P + 2∆E
hfs
iter,str V P =
{
1S : 0.760 meV
2S : 0.095 meV
(38)
There exists another contribution of the nuclear structure in the second order PT, which
is determined by the hyperfine term of the Breit Hamiltonian and the operator of the one-
photon interaction (see Fig.5(b))
∆Vstr =
2pi(Zα)
3
r2Nδ(r). (39)
10
Gf Gf
a b c d
+ - -
FIG. 4: Nuclear structure and vacuum polarization effects of order α6. The dashed line represents
the Coulomb photon. Gf is the free two-particle propagator.
The nuclear structure effects are taken into account in Eq.(39) in terms of the nuclear charge
radius rN . This contribution has the form:
∆Ehfsstr SOPT (nS) = 2 < ψn|∆V hfsB · G˜ ·∆Vstr|ψn >=
4pi(Zα)
3
∆EhfsF (nS)r
2
NG˜(0, 0). (40)
The value of the reduced Coulomb Green function at zero arguments in the coordinate rep-
resentation G˜(0, 0) is divergent. The reason of the appeared divergence lies in the expansion
of the potentials in Eq.(40) at small relative momenta and further integration (40) at all
values of relative momenta. To calculate the quantity G˜(0, 0) the dimensional regularization
can be useful [29, 30, 31]. Subtracting the iterative term 2 < ψn|∆V hfsB ·Gf∆Vstr|ψn > from
Eq.(40) we obtain the following result:
∆Ehfsstr SOPT (1S) =
4
3
(Zα)2m21r
2
N∆E
hfs
F (1S)
[
ln(Zα)− 3
2
]
, (41)
∆Ehfsstr SOPT (2S) =
4
3
(Zα)2m21r
2
N∆E
hfs
F (2S) [ln(Zα)− ln 2] . (42)
One further contribution of the sixth order over α can be derived from the one-photon
amplitude (Fig.5(a)) expanding the nuclear magnetic formfactor at small values of the rel-
ative momenta. As a result the potential of the hyperfine interaction (3) in the coordinate
representation gains the additional term
∆V hfs1γ str(r) = −
4piα(1 + aµ)
9m1mp
r2M
σ1σ2
4
∇2δ(r), (43)
where rM is the nuclear magnetic radius. For the averaging the operator (43) over the
Coulomb wave functions we use the following relation
∫
∇2δ(r)dr|ψn(r)|2 = 2

ψ(0)∇2ψ(0) +
(
dψn
dr
)2
|r=0

 , (44)
and the value ∇2ψ(0) = ψ(0)µ2(Zα)2 3+2(n2−1)
n2
[17, 32]. As a result we obtain the important
correction proportional to the nuclear magnetic radius:
∆Ehfs1γ,str(nS) = −
4
3
(Zα)2µ2r2M∆E
hfs
F (nS)
1− n2
4n2
. (45)
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TABLE I: Hyperfine structure of 1S and 2S states in the ion of muonic helium (µ 32He)
+. ∆12 =
(8∆Ehfs(2S)−∆Ehfs(1S)).
Contribution to HFS 1S, meV 2S, meV Interval ∆12 Reference
The Fermi energy -1370.725 -171.341 0 (6), [3, 4]
Muon AMM correction of orders α5 and α6 -1.598 -0.200 0 (7), [3, 4]
Relativistic correction of order α6 -0.438 -0.078 -0.183 (8), [3]
One-loop VP contribution in 1γ -4.203 -0.540 -0.119 (11)-(12)
interaction of order α5
Two-loop VP contribution in 1γ -0.050 -0.004 0.016 (14)-(16)
interaction of order α6
One-loop muon VP contribution -0.052 -0.007 0 (11)-(12)
in 1γ interaction of order α6
One-loop VP contribution in the -9.260 -0.869 2.305 (23)-(24)
second order PT of order α5
Two-loop VP contribution in the -0.105 -0.010 0.022 (27)-(30)
second order PT of order α6
Nuclear structure correction of order α5 48.376 6.047 0 (33),(34)
Contribution of VP and nuclear 0.760 0.095 0 (38)
structure of order α6
Nuclear structure correction 2.553 0.272 -0.377 (41)-(42),(45)
of order α6
Nuclear structure and muon -0.145 -0.018 0 (46), [31]
self-energy correction of order α6
Nuclear recoil correction 0.330 0.038 -0.026 (47)-(48),[34]
of order α6
Summary contribution -1334.560 -166.615 1.638
We have included in Table 1 the total nuclear structure contribution which is determined
by expressions (41), (42) and (45) for 1S and 2S energy levels at rM ≈ rN . Let us write
here also the corection of order α6 connected with the nuclear structure and the muon self
energy [31]:
∆Ehfsstr SE =
5
2
α(Zα)
pi
m1RZ∆E
hfs
F =
{
1S : − 0.145 meV
2S : − 0.018 meV , (46)
where RZ is the Zemach radius.
One part of the recoil corrections to the HFS is accounted in the calculation of the dia-
grams in Figs.3-4. Thus the leading order recoil contribution (Zα)(m1/m2) ln(m1/m2)∆E
hfs
F
is contained in the potential (34). The recoil correction of order (Zα)2(m1/m2)∆E
hfs
F for the
ground state HFS in the hydrogen atom was calculated in Refs.[31, 33] and for the hyperfine
interval ∆12 in Ref.[34]. Using these results we can present the analytical expressions for the
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a b
G˜
FIG. 5: Nuclear structure effects of order α6 in the one-photon interaction and the second order
PT. G˜ is the reduced Coulomb Green function.
recoil corrections and their numerical values for the HFS of 1S and 2S -states in the form:
∆Ehfsrec (1S) = (Zα)
2 µ
2
m1m2
∆EhfsF (1S)
[
−17
12
+
25
3ζ
+
31ζ
72
+ (47)
+ ln 2
(
1
2
− 23
2ζ
− 11ζ
8
)
+ ln
(
1
Zα
)(
−3
2
+
7
2ζ
+
7ζ
8
)]
= 0.330 meV,
∆Ehfsrec (2S) = (Zα)
2 µ
2
m1m2
∆EhfsF (2S)
[
−265
96
+
821
96ζ
− 809ζ
1152
+ (48)
+ ln 2
(
1− 12
ζ
− ζ
2
)
+ ln
(
1
Zα
)(
−3
2
+
7
2ζ
+
7ζ
8
)]
= 0.038 meV,
where ζ = 2m2µh/mpZ.
V. SUMMARY AND CONCLUSION
In this work various QED corrections, effects of the nuclear structure and recoil of orders
α5 and α6 have been calculated for the hyperfine splittings of 1S and 2S energy levels in
the ion of muonic helium (µ32He)
+. The investigation of the energy structure of 1S and
2S states in this atom has the clear experimental prospect. Contrary to earlier performed
studies of the energy spectra of light muonic atoms in Refs.[6, 7, 8] we use the three-
dimensional quasipotential method for the description of the muon and helion bound state.
All corrections considered here can be separated into two groups. The first group consists
of the contributions which are specific for muonic helium ion. Primarily they are connected
with the effects of the electron vacuum polarization. In our study these contributions are
presented in the integral form and obtained numerically. The corrections known in the
analytical form from the calculations of the hyperfine structure of muonium and hydrogen
atom enter in the second group [3]. Numerical values of all corrections are presented in Table
1. It contains also several basic references on the papers where the precision calculations of
the HFS of simple atoms were considered. Other references can be founded in the review
articles [3, 4].
13
As mentioned above, the hyperfine structure of light exotic atoms was investigated on the
basis of the Dirac equation many years ago in Refs.[10, 11]. The energies of the transitions
(2S−2P ) were obtained for the muonic hydrogen and ion of muonic helium (µ32He)+. In this
calculation only basic contributions to the HFS with the precision 0.1 meV were accounted.
It follows from the Table 2 of Ref.[11], that the energies of the transitions (1S1/2− 3P1/2) and
(3S1/2− 3P1/2) are equal correspondingly 1167.3 meV and 1334.1 meV resulting the definite
value of the hyperfine splitting of 2S-state: -166.8 meV. The total value of the HFS of 2S
energy level entering in our Table 1 -166.615 meV is in good agreement with this result. So,
the calculation of the HFS in the ion of muonic helium performed in this work improves the
obtained earlier result in [11] for the 2S state by the calculation of order α6 corrections and
gives new result for the hyperfine splitting of 1S state. The estimate of the next to considered
order contribution over α has the form: α3 ln(1/α)∆EhfsF (1S) ≈ 0.003 meV. Despite the fact
that all contributions in Table 1 are written with the accuracy 0.001 meV, the precision of our
calculation of the HFS is not so high. The reason is that the nuclear structure correction of
order α5 has the largest theoretical uncertainty associated with the errors in the measurement
of electromagnetic form factors for the nucleus 32He. When the dipole parameterization for
the form factors is used the value of the theoretical uncertainty is determined by the error
of the nuclear charge radius: rN(
3
2He) = 1.844± 0.045 fm. As a result the theoretical error
can reach near ±1.5 meV for 1S-level and ±0.20 meV for 2S-level. Nuclear corrections to
the HFS connected with the motion of the nucleons forming the nucleus 2H , 3H , 3He of
light hydrogen-like atoms were studied in Refs.[35, 36]. Another source of the uncertainty is
connected with the nuclear polarizability effect [37, 38, 39, 40, 41, 42, 43, 44, 45]. It demands
further investigation on the basis of the experimental data on the polarized lepton scattering
by the nucleus 32He. The value of the nuclear polarizability contribution to the HFS of
the muonic helium ion can amount to several meV. The nuclear polarizability contribution
should be considered in the combination with the nuclear corrections because both effects are
associated with the interaction of the multinucleon system with electromagnetic field. The
hyperfine splitting interval ∆12 has not uncertainties conditioned by the nuclear structure
and polarizability corrections. So, the obtained value of the interval ∆12 = 1.638 meV can
be used for the check of QED predictions in the case of muonic helium ion with the accuracy
0.01 meV.
Acknowledgments
The author is grateful to R.N.Faustov for fruitful discussions. The final part of the work
was carried out in the Humboldt University in Berlin and I am grateful colleagues from
Institute of Physics for warm hospitality. This work was supported in part by the Russian
Foundation for Basic Research (Grant No.06-02-16821).
[1] P.J.Mohr, B.N.Taylor, Rev. Mod. Phys. 72, 351 (2000).
[2] R.Engfer, H.Walter, H.Shnoifli, Fiz. Elem. Chast. i Atom. Yadra, 5, 382 (1974).
[3] M.I.Eides, H.Grotch, V.A.Shelyuto, Phys. Rep. 342, 62 (2001).
[4] S.G.Karshenboim, Phys. Rep. 422, 1 (2005).
[5] A.Di Giacomo, Nucl. Phys. B 11, 411 (1969).
14
[6] E.Borie, Z.Phys. A 275, 347 (1975).
[7] E.Borie, G.A.Rinker, Phys. Rev. A 18, 324 (1978).
[8] E.Borie, G.A.Rinker, Rev. Mod. Phys. 54, 67 (1982).
[9] G.W.F.Drake, L.L.Byer, Phys. Rev. A 32, 713 (1985).
[10] E.Borie, Z.Phys. A 278, 127 (1976).
[11] E.Borie, Z.Phys. A 297, 17 (1980).
[12] F.Kottmann, F.Biraben, C.A.N. Conde et al., in: G.Cantatore (Ed.), Quantum Electrody-
namics and Physics of the Vacuum, QED 2000 Second Workshop Proc. New York, AIP Conf.
Proc., 564, 13 (2001)
[13] R.Pohl, A.Antognini, F.D.Amaro et al., Can. J. Phys. 83, 339 (2005).
[14] G.Carboni, G.Gorini, G.Torelli et al., Nucl. Phys. A 278, 381 (1977).
[15] K.Jungmann, Z.Phys. C 56, S59 (1992).
[16] P.Hauser, H.P. von Arb, A.Biancchetti, et. al. Phys. Rev. A 46, 2363 (1992).
[17] R.N.Faustov, A.P.Martynenko, JETP 98, 39 (2004).
[18] A.P.Martynenko, Phys. Rev. A 71, 022506 (2005).
[19] R.N.Faustov, A.P.Martynenko, JETP 88, 672 (1999).
[20] A.P.Martynenko, JETP 101, 1021 (2005).
[21] A.P.Martynenko, Phys. Rev. A 76, 012505 (2007).
[22] V.B.Berestetskii, E.M.Lifshits, L.P.Pitaevskii, Quantum Electrodynamics, Moscow, Nauka,
1980.
[23] S.A.Zapryagaev, N.L.Manakov, V.G.Pal’chikov, Theory of multicharge ions with one and two
electrons, Moscow, Energoatomizdat, 1985.
[24] S.D.Lakdawala, P.J.Mohr, Phys. Rev. A 22, 1572 (1980).
[25] V.G.Ivanov, S.G.Karshenboim, JETP 82, 656 (1996).
[26] K.Pachucki, Phys. Rev. A53, 2092 (1996).
[27] J.L.Friar, Lec. Notes in Phys. 627, 285 (2003).
[28] J.L.Friar, I.Sick, Phys. Lett. B 579, 212 (2004).
[29] A.H.Hoang, E-preprint hep-ph/9702331 (1997).
[30] A.Czarnecki, K.Melnikov, A.Yelkhovsky, Phys. Rev. A 59, 4316 (1999).
[31] S.G.Karshenboim, Phys. Lett. A 225, 97 (1997).
[32] I.B.Khriplovich, A.I.Milstein, E-preprint hep-ph/9607374, 1996.
[33] G.T.Bodwin, D.R.Yennie, Phys. Rev. D 37, 498 (1988).
[34] M.M.Sternheim, Phys. Rev. 130, 211 (1963).
[35] J.L.Friar, J.L.Payne, Phys. Rev. C 72, 014002 (2005).
[36] F.Low, Phys. Rev. 77, 361 (1950).
[37] A.I.Milstein, S.S.Petrosyan, I.B.Khriplovich, JETP 82, 616 (1996).
[38] R.N.Faustov, A.P.Martynenko, Eur. Phys. J C 24, 281 (2002)
R.N.Faustov, A.P.Martynenko, Phys. Atom. Nucl. 65, 265 (2002).
[39] E.V.Cherednikova, R.N.Faustov, A.P.Martynenko, Nucl. Phys. A 703, 365 (2002).
[40] R.N.Faustov, I.V.Gorbacheva, A.P.Martynenko, Proc. SPIE 6165: Saratov Fall Meeting 2005,
Laser Physics and Photonics, Spectroscopy and Molecular Modeling VI, Editors V.L.Derbov,
L.A.Melnikov, L.M.Babkov; hep-ph/0610332.
[41] A.I.Milstein, I.B.Khriplovich, JETP 98, 181 (2004).
[42] V.Nazaryan, C.E.Carlson, K.A.Griffioen, Phys. Rev. Lett. 96, 163001 (2006).
[43] C.E.Carlson, E-preprint physics/0610289, 2006.
[44] C.E.Carlson, M.V.Vanderhaeghen, E-preprint hep-ph/0701272, 2007.
15
[45] K.Pachucki, Phys. Rev. A 76, 022508 (2007).
